
Josephus
There are $n$ people standing in a circle waiting to be executed. These people are numbered in
clockwise order from 1 up to and including $n$. The counting out begins at person number 1,
where each $k$-th person that is still alive is executed. The elimination proceeds clockwise
around the circle (which is becoming smaller and smaller as the executed people are removed),
until only the last person remains, who is given freedom. Can you choose the place in the initial
circle so that you are the last one remaining and so survive?

The problem is named after Flavius Josephus, a Jewish historian living in the 1st century.
According to Josephus' account of the siege of Yodfat, he and his 40 soldiers were trapped in a
cave, the exit of which was blocked by Romans. They chose suicide over capture and decided
that they would form a circle and start killing themselves using a step of three. Josephus states
that by luck or maybe by the hand of God (some historians point out that Josephus was an
extremely well-educated man, who might have quickly computed the outcome of the execution),
he and another man remained the last and gave up to the Romans.

The reference comes from Book 3, Chapter 8, par 7 of Josephus' The Jewish War, writing of
himself in the third person (translation from Hebrew to English by William Whiston):

However, in this extreme distress, he was not destitute of his usual sagacity; but
trusting himself to the providence of God, he put his life into hazard [in the manner
following]: "And now," said he, "since it is resolved among you that you will die, come
on, let us commit our mutual deaths to determination by lot. He whom the lot falls to
first, let him be killed by him that hath the second lot, and thus fortune shall make its
progress through us all; nor shall any of us perish by his own right hand, for it would
be unfair if, when the rest are gone, somebody should repent and save himself." This
proposal appeared to them to be very just; and when he had prevailed with them to
determine this matter by lots, he drew one of the lots for himself also. He who had the
first lot laid his neck bare to him that had the next, as supposing that the general
would die among them immediately; for they thought death, if Josephus might but die
with them, was sweeter than life; yet was he with another left to the last, whether we
must say it happened so by chance, or whether by the providence of God. And as he
was very desirous neither to be condemned by the lot, nor, if he had been left to the
last, to imbrue his right hand in the blood of his countrymen, he persuaded him to trust
his fidelity to him, and to live as well as himself.

Assignment

Write a function
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def josephus(n, k):

that may help Josephus to determine the right position in the circle. Two arguments must be
passed to the function: the number of people $n \in \mathbb{N}$ ($2 \leq n \leq 1.000$) in the
circle and an integer $k \in \mathbb{N}$ ($2 \leq k \leq 1.000$) that indicates after how many
living persons someone gets executed. The function must return the position of the last person
surviving the execution. As such, for a circle with 10 people where every third person gets
executed, the function should return position 4. This outcome is illustrated in the animation
below. Here, the circles contain the numbering of the people. The number outside a circle
indicates the order in which the people get executed. If you proceed this way through the circle,
person 4 survives at the end.

Example

>>> josephus(12, 3)
10
>>> josephus(41, 3)
31
>>> josephus(30, 9)
21

Er staan $n$ personen in een cirkel te wachten op hun executie. De personen worden in
wijzerzin genummerd van 1 tot en met $n$. Het aftellen begint vanaf persoon 1, waarbij elke $k$-
de nog levende persoon wordt geëxecuteerd. De cirkel wordt hierbij in wijzerzin doorlopen en
wordt steeds kleiner en kleiner naarmate er meer personen geëxecuteerd worden. De laatste
persoon die overblijft, wordt in leven gelaten. Kan je op voorhand een geschikte plaats in de
cirkel kiezen, zodat je de executie overleeft?

Dit probleem werd vernoemd naar Flavius Josephus, een Joods geschiedkundige die leefde in
de eerste eeuw na Christus. Volgens het relaas dat Josephus maakte van de slag om Yodfat,
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kwamen hij en zijn 40 metgezellen vast te zitten in een grot, waarvan de ingang werd geblokeerd
door een stel Romeinen. Ze verkozen zelfmoord boven gevangenschap, en besloten een cirkel
te vormen waarin elke derde persoon zelfmoord zou plegen. Josephus wijt het aan puur geluk of
misschien zelfs aan de hand van God (geleerden wijzen erop dat Josephus een hoogopgeleid
man was, die de uitkomst wel eens zou kunnen berekend hebben), dat hijzelf als laatste
overbleef en besloot zich over te geven aan de Romeinen.

Onderstaand fragment komt uit boek 3, hoofdstuk 8, paragraaf 7 van De Joodse Oorlog, waarin
Josephus over zichzelf vertelt in de derde persoon (vertaling uit het Hebreeuws naar het Engels
door William Whiston):

However, in this extreme distress, he was not destitute of his usual sagacity; but
trusting himself to the providence of God, he put his life into hazard [in the manner
following]: "And now," said he, "since it is resolved among you that you will die, come
on, let us commit our mutual deaths to determination by lot. He whom the lot falls to
first, let him be killed by him that hath the second lot, and thus fortune shall make its
progress through us all; nor shall any of us perish by his own right hand, for it would
be unfair if, when the rest are gone, somebody should repent and save himself." This
proposal appeared to them to be very just; and when he had prevailed with them to
determine this matter by lots, he drew one of the lots for himself also. He who had the
first lot laid his neck bare to him that had the next, as supposing that the general
would die among them immediately; for they thought death, if Josephus might but die
with them, was sweeter than life; yet was he with another left to the last, whether we
must say it happened so by chance, or whether by the providence of God. And as he
was very desirous neither to be condemned by the lot, nor, if he had been left to the
last, to imbrue his right hand in the blood of his countrymen, he persuaded him to trust
his fidelity to him, and to live as well as himself.

Opgave

Schrijf een functie

def josephus(n, k):

die Josephus kan helpen om snel de juiste positie in de cirkel te bepalen. Aan deze functie
moeten twee argumenten doorgegeven worden: het aantal personen $n \in \mathbb{N}$ ($2 \leq
n \leq 1.000$) dat in een cirkel gaat staan en een getal $k \in \mathbb{N}$ ($2 \leq k \leq 1.000$)
dat aangeeft om de hoeveel nog levende personen iemand geëxecuteerd wordt. De functie moet
de positie teruggeven van de persoon die als laatste overblijft. Zo moet de functie voor een cirkel
van 10 personen waarin elke derde persoon geëxecuteerd wordt, de positie 4 als resultaat
teruggeven. De verklaring wordt aangegeven in onderstaande figuur. Hierbij staat de nummering
van de personen binnen de cirkels. Het getal dat buiten de cirkel staat geeft aan na hoeveel
beurten deze persoon werd geëxecuteerd. Als je op die manier de cirkel afloopt, blijft persoon 4
als laatste over.
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Voorbeeld

>>> josephus(12, 3)
10
>>> josephus(41, 3)
31
>>> josephus(30, 9)
21
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